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Abstract. We investigate number count statistics as measures for transition to homogeneity
of the matter distribution in the Universe and analyse how such statistics might be ‘dressed’
by the assumed survey selection function. Since the estimated survey selection function—
which ideally accounts for selection bias in the observed distribution—is degenerate with
the estimated underlying distribution of galaxies, the ability to identify the correct survey
selection function is of importance for obtaining reliable estimates for clustering statistics.
Selection functions of existing galaxy catalogues are modelled from data to resemble the
redshift distribution and mean density of the observed galaxies. Proposed estimates of the
selection function for upcoming surveys in addition resemble the angular distribution of the
observed galaxies. We argue that such modelling of the selection function could potentially
underestimate the deviance from homogeneity at scales probed by existing catalogues.
We investigate the impact of conventionally applied methods for estimation of the survey
selection function on number count in sphere statistics in a toy model setting. The example
density distribution is asymptotically homogeneous, while non-linear density fluctuations are
present regionally. We find that density oscillations with period comparable to characteristic
scales of the survey are suppressed when conventional estimates of the survey selection func-
tion are invoked, resulting in number count statistics which are biased towards homogeneity.
For our concrete toy model with maximum density contrasts of 1 and period of the density
oscillation comparable in size to the survey radius, we find that the homogeneity scale is
underestimated by ∼ 40%, however this quantitative result is dependent on the model setup
including the form of the simplistic density field considered and the survey geometry.
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1 Introduction
Number count statistics are important probes of large scale structure in cosmology, and are
for instance used for examining baryon acoustic oscillation features in cosmological datasets
[1, 2] and for investigating transition to homogeneity [3–5].
Large scale cosmological surveys do not perfectly sample galaxies and other astrophys-
ical objects, but are subject to selection effects specific to the instrumentation, foreground
contamination, and the luminosity distribution of the observed objects [6, 7]. Selection on the
basis of colour and magnitude of galaxies can partly account for non-uniformity in sampling
[8], but inhomogeneity in sampling in modern large scale surveys remain and must ideally be
modelled to avoid systematic errors in estimates derived from the catalogues.
In modern analysis of number count statistics normalisation by random catalogue num-
ber counts are invoked, where the random catalogues are generated from an estimated survey
selection function which accounts for radial and angular selection effects [6, 9]. Because of the
difficulty in modelling the true underlying selection function of objects such as galaxies, it is
conventional to estimate the model selection function in redshift directly from the observed
density-distribution, which is for instance done for the SDSS-III Baryon Oscillation Spectro-
scopic Survey (BOSS) of galaxies [7] and quasars [10] respectively. The angular selection can
be determined from the estimated observational completeness within angular patches of the
sky, as is the case for e.g. the SDSS-III BOSS survey [7]. For upcoming surveys from the Dark
Energy Spectroscopic Instrument (DESI) experiment [11], it has been proposed to model the
angular selection function to resemble the angular distribution of the survey density field [12].
Normalisation of the ‘bare’ galaxy number counts have the potential of removing selec-
tion effects. However, if the survey selection function is incorrectly estimated, the normalisa-
tion operation can introduce systematic errors into number count statistics. It is a potential
concern that an estimated selection function empirically determined from data might account
for physical large scale inhomogeneity present in the matter distribution, and that number
counts which are corrected based on such an estimated selection function might be system-
atically biased towards a higher degree of homogeneity and isotropy than what is present in
the physical Universe. It is the aim of this paper to examine the impact of typical estima-
tion methods for model selection functions on number count statistics and homogeneity scale
measures.
The most common number count estimator for transition to homogeneity is the average
number counts in spheres (or the analogous ‘correlation dimension’) as employed in, e.g.,
[3–5, 13, 14] (See also [15, 16] for studies of angular projections of the estimator). The aver-
age number count in spheres is the lowest order measure of inhomogeneity and describes the
2-point self-correlation of the density field, and must be supplemented with higher order cor-
relation functions [17] in order to fully quantify the density distribution and its transition to
homogeneity. Supplementary clustering statistics include Minkowski functionals [18], which
have been used to demonstrate that higher-order correlations as measures of the morphology
of structure imply 2−3σ deviations of SDSS DR7 luminous red galaxy data from ΛCDM pre-
dictions [19]. Information theory inspired measures of structure [20, 21] have been employed
in analysis of large scale catalogues showing convergence of the Shannon entropy to a plateau
of ‘almost-homogeneity’ at a scale of ∼ 150Mpc/h for the SDSS DR7 luminous red galaxy
sample [22] and ∼ 250Mpc/h for the SDSS DR12 quasar catalogue [23] respectively. Cluster-
ing properties can be assessed in combination with knowledge of intrinsic physical properties
of the objects examined to form ‘mark correlation functions’ [24], which might for instance
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be used to characterise the clustering of galaxies as dependent on their luminosities. In this
analysis we do not treat intrinsic properties and consider only information on the position of
galaxies. We focus on average number counts in spheres as an estimator for the transition to
homogeneity.
Large scale structure of sizes that extend hundreds of Megaparsecs in effective radius
have been detected and their expectation in the ΛCDM paradigm debated [25–31]. Peculiar
velocity analysis within the ΛCDM framework reveal significant coherent motion on scales of
several hundreds of Megaparsecs as well [32, 33], suggesting the need for additional structure
in the direction of the Shapley Cluster [32, 34]. While the existence of individual structures of
large size do not a priori contradict the results of transition to below ‘1% inhomogeneity’ in
average number count statistics at scales ∼ 100Mpc found in [3–5], they do suggest that care
must be taken in imposing assumptions about convergence to homogeneity when analysing
large scale catalogues.
The topic of convergence to homogeneity is tightly linked to the topic of self-averaging, in
the context of which the issues involving selection effects have been discussed [35, 36]. Effects
of imposing different smoothing scales in the redshift distribution for estimating the survey
selection function have been investigated in [37], and the impact of the selection function
has also been discussed in relation to Shanon entropy studies [22]. The systematic effects
from modelling the radial selection function directly from the survey has been analysed in
the context of ΛCDM mock catalogues by splitting the mock catalogues in subsamples and
using these to estimate the underlying selection function from which the mock catalogues are
generated [38].
In the present paper we aim at understanding how the imposing of integral constraints
on the model survey selection function are expected to bias results for generic matter distri-
butions, focusing on the average number count in spheres (2-point correlation function [39])
as homogeneity scale estimator. We formalise how typical choices of selection functions can
be viewed as equivalent to assuming convergence to homogeneity at the largest scales of the
survey. To obtain insight through analytic expressions, we consider a simple toy model of an
oscillating and asymptotically homogeneous galaxy density distribution.
The incompleteness of spheres and the use of (homogeneous) artificial catalogues in some
analyses to fill survey gaps [4, 5] might introduce additional bias towards homogeneity in the
estimates, but will be ignored in the present analysis where only spheres fully contained in the
survey are considered in the toy model setup. Other sources of errors involved in number count
statistics are tracers as biased probes of the underlying matter distribution [40, 41] and galaxy
evolution [42]. The effect of finite sampling and finite resolution in number count analysis on
the inferred fractal properties of idealised distributions has been analysed in [43, 44]. In the
present analysis we consider corrections for selection effects separately from other potential
biases. When discussing number count statistics we shall shall refer to galaxies as the counted
objects, but our analysis carries over to other tracers.
In section 2 we introduce number count based descriptive measures of inhomogeneity
and their correction of survey selection effects. In section 3 we consider integral constraints
and requirements which are typically imposed for modelling survey selection functions of
galaxy surveys. Finally, in section 4, we consider a toy model example where a notion of
asymptotic homogeneity is present. We analyse how different estimation procedures of the
selection function introduce bias with respect to the ‘bare’ number counts. We conclude in
section 5.
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2 Number counts, fractal dimensions, and scales of statistical homogeneity
Here we review measures of inhomogeneity of the matter distribution. The number count
statistics formulated are analogous to the 2-point correlation function as described in e.g.
[39]. However, here we consider the possibility of a curved space-time and do not restrict
the underlying point process from which the galaxies are drawn. The average number count
definitions described here can be viewed as purely descriptive measures of the galaxy density
distribution within a generic space-time. In section 2.1 we consider ‘bare’ number counts as
measures of inhomogeneity where selection effects are absent, and in section 2.2 we consider
the corresponding measures as corrected for selection effects.
2.1 Motivation and unnormalised number counts
We are interested in the distribution of galaxies over a spatial domain equipped with a metric,
and to quantify the degree of homogeneity of the distribution at various scales. Let us first
consider a perfectly homogeneous distribution of galaxies within an appropriate continuity
approximation, such that the number count within a given volume V is given by
N(V ) = η V (homogeneous case) , (2.1)
where η is the constant density of galaxies. For a domain equipped with an Euclidean metric,
the volume of a sub-domain enclosed by a constant radius r from a center is given by V (r) =
4/3pir3. In this case
N(< r) ≡ N(V (r)) = 4
3
ηpir3 (homogeneous and Euclidean case) . (2.2)
We might consider a generalisation of the number count (2.2) at a point1 on the spatial
domain represented by coordinates x = (x1, x2, x3) for domains with generic distributions of
matter and general geometry
N(< r|x) ≡
∫
dVy ρ(y) Θ(r − d(x,y)) , (2.3)
where d(x,y) is the shortest distance from the central point x to the point y defined by the
metric tensor gij (in conventional analysis the distance d(x,y) is computed by employing
a hypothesised large scale metric valid for assigning appropriate distances on average for
many galaxy pairs), ρ(y) is the galaxy density at the point y, Θ is the unit step function,
and dVy = d3y
√
g is the volume 3-form as measured by the metric. The function (2.3) has
dependence on the choice of center x in general. We say that the density distribution exhibits
asymptotic homogeneity if there exist a finite constant η 6= 0 such that [35]
lim
r→∞N (< r|x) = 1 ∀x , N (< r|x) ≡
N(< r|x)
Nhom(< r|x) , (2.4)
where
Nhom(< r|x) ≡ η V (r,x) , V (r,x) ≡
∫
dVy Θ(r − d(x,y)) (2.5)
1In the following the central point x of number counts is taken to be an arbitrary point on the spatial
domain. However, when considering point particles in a discretised setting, number counts are most often
performed in domains with center coinciding with the position of a galaxy.
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is the ‘background’ homogeneous number count. We denote η the mean galaxy density of the
distribution, and N (< r|x) the normalised number count.
We can define the galaxy-weighted average number count
N(< r) ≡ 1
N
∫
dVx ρ(x)N(< r|x) = 1
N
∫
dVxdVy ρ(x)ρ(y) Θ(r − d(x,y)) , (2.6)
where N ≡ ∫ dVx ρ(x). One might define higher order moments to further characterise
N(< r|x) and corresponding Minkowski-Bouligand dimensions [45] to characterise the scaling
behaviour of the moments with r. In this analysis we shall analyse the average number count
(2.6) only. If (2.4) holds then, assuming commutation of the averaging operation (2.6) and
the limit (2.4), we have
lim
r→∞N (< r) = 1 , N (< r) ≡
N(< r)
Nhom(< r)
, (2.7)
where
Nhom(< r) ≡ ηV (r) , V (r) ≡ 1
N
∫
dVx ρ(x)V (r,x) (2.8)
is the galaxy-weighted average of the homogeneous number (2.5). To characterise the scaling
behaviour of the number counts we can define the so-called correlation dimension
D2(r|x) ≡ d lnN(< r|x)
d ln r
=
d lnN (< r|x)
d ln r
+
d lnNhom(< r|x)
d ln r
(2.9)
for the number count centered on a single point or
D2(r) ≡ d lnN(< r)
d ln r
=
d lnN (< r)
d ln r
+
d lnNhom(< r)
d ln r
, (2.10)
for the average number count (2.6). Deviance of (2.9) and (2.10) from the value 3 might be
due to either non-zero curvature, a flawed radial measure, observational biases, deviance from
homogeneity of the galaxy distribution at the given scale, or a combination of these2.
When the Euclidean condition is satisfied such that V ∝ r3 it follows that the condition
for asymptotic homogeneity (2.4) is equivalent to D2(r|x) = 3 for r → ∞. However for
non-Euclidean spatial sections D2(r|x) need not converge to 3 or even to a constant. For an
FLRW spacetime with curvature length scale
√−k−1 and homogeneous galaxy density over
the canonical spatial sections3 we have in the limit of small radii as compared to the curvature
scale
D2(r|x) = D2(r) = 3
(
1− 2
15
· kr2
)
,
√
|k|r  1 (FLRW) , (2.11)
2These effects might in principle annihilate, such that D2(r) ≈ 3 for some range of radii r without the
distribution being (close to) homogeneous on these scales. However, this would require chance cancelation of
the mentioned effects.
3The volume of an sphere embedded in an FLRW spatial section can be computed from the line element
dΣ2 ≡ dr2 + Sk(r)dΩ2, where dΩ2 = dθ2 + sin2(θ)dφ2 is the angular element on the unit sphere, Sk(r) ≡√−k−1 sinh(√−kr) gives the adapted area measure on an sphere of radius r. The volume within an sphere of
radius r reads V (r,x) = V (r) =
∫ r
0
dr′
∫
dΩS2k(r
′) = 4pi
√−k−3( sinh(2
√−kr)
4
−
√−kr
2
), which reduces to 4pi/3r3
for the spatially flat case k = 0.
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where r is the proper radius of the sphere. In the limit of large radii as compared to the
curvature scale we have
D2(r|x) = D2(r) = 2
√−kr , √−kr  1 (FLRW, k < 0) (2.12)
D2(r|x) = D2(r) = 2 sin2
(√−kr) , √kr  1 (FLRW, k > 0) , (2.13)
which exemplifies the importance of curvature in unnormalised number count statistics. In
order to separate curvature degrees of freedom from the considerations of large scale homo-
geneity of the galaxy density field, we can consider the convergence of the normalised number
counts N (< r|x) and N (< r). It follows from (2.4) and (2.7)
lim
r→∞
d lnN (< r|x)
d ln r
= 0 ∀x , lim
r→∞
d lnN (< r)
d ln r
= 0 (2.14)
for an asymptotically homogeneous distribution irrespective of the geometry of the spatial sec-
tion. Convergence of N (< r|x) and N (< r) are insensitive to large scale geometry, because
of the normalisation with the volume measure. Of course, consideration of N (< r|x) and
N (< r) instead of the unnormalised number counts merely pushes the problem of the degen-
eracy between volume measure and density in the number count to the problem of estimating
the background homogeneous number counts Nhom(< r|x) and Nhom(< r) which requires
assumption on the asymptotic properties of the spatial domain together with knowledge of
the volume measure.
2.2 Selection effects and normalisation of number counts
Catalogues of galaxies cover finite regions of space and are never a perfect sample of the true
distribution of galaxies, but subject to selection effects due to, e.g., detector limitations and
foreground noise. We can incorporate the information about selection effects of a given survey
in a selection function W (x) weighting the true underlying density ρ(x) of galaxies at each
point, such that the observed number counts within a geodesic radius r of a point x are given
by
Nˆ(< r|x) ≡
∫
dVy ρˆ(y) Θ(r − d(x,y)) , ρˆ(y) ≡W (y) ρ(y) (2.15)
where ρˆ(x) is the observed galaxy density. The number count (2.15) is in practice defined for
sphere centers x and for radii r such that the domain of integration is within the survey volume
where W (x) > 0 almost everywhere. When the underlying distribution obeys convergence
towards homogeneity (2.4), we define the observed analogue of the homogeneous number
count (2.5)—assuming knowledge of the selection function W (x) and the mean density of the
distribution η—as follows
Nˆhom(< r|x) ≡
∫
dVy ηW (y) Θ(r − d(x,y)) = η 〈W 〉r,x V (r,x) , (2.16)
where
〈W 〉r,x ≡
∫
dVyW (y) Θ(r − d(x,y))
V (r,x)
(2.17)
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is the volume average of the selection function over the domain specified by r and x. We can
define an observed normalised number count from (2.15) and (2.16) as
Nˆ (< r|x) ≡ Nˆ(< r|x)
Nˆhom(< r|x) . (2.18)
Note that (2.18) is not guaranteed to converge to unity at the scale of the survey, even though
(2.4) holds true asymptotically for the true distribution. Nˆ (< r|x) need also not in general
be a good estimate of N (< r|x) at any given scale r. When W (y) and ρ(y) are uncorrelated
in volume such that (2.15) reduces to
Nˆ(< r|x) = 〈W 〉r,x
∫
dVy ρ(y) Θ(r − d(x,y)) (uncorrelated case) , (2.19)
we have that Nˆ (< r|x) = N (< r|x). The uncorrelated approximation (2.19) is expected to
be good when the selection function of galaxies is not determined by the underlying galaxy
density distribution itself, i.e., that the probability of observing a given galaxy is independent
of the number density of galaxies in its vicinity.
We define the galaxy-weighted empirical number count as follows
Nˆ(< r) ≡ 1
NˆD
∫
D
dVx ρˆ(x) Nˆ(< r|x) (2.20)
where NˆD ≡
∫
D dVx ρˆ(x), and where the domain of integration D might be a subset of the
volume covered by the survey in order to exclude spheres not fully contained in the survey.
Similarly we define the galaxy-weighted empirical homogeneous number count as
NhomW (< r) ≡
1
NˆD
∫
D
dVx ρˆ(x) Nˆ
hom(< r|x) , (2.21)
from which we can define the empirical normalised average number count4
NW (< r) ≡ Nˆ(< r)
NhomW (< r)
. (2.22)
While (2.15) and (2.20) can be determined directly from the catalogue through the observed
coordinate adapted galaxy density √g(x)ρˆ(x)—along with assumption about the metric ten-
sor for computing distances between the galaxies—the empirical homogeneous counts (2.16)
and (2.21) require assumptions about the selection function W (x) and asymptotic mean
galaxy density η which are not directly observed. η is degenerate with the overall nor-
malisation of W (x). We denote estimates of the selection function Wˆ (x) and define the
corresponding estimated number count
Nˆ (< r) ≡ Nˆ(< r)
Nhom
Wˆ
(< r)
(2.23)
relevant for observation.
4This definition is analogous to the estimator of the 2-point correlation function as suggested by Davis and
Peebles [46]. For a review of alternative estimators and their efficiency within ΛCDM, see [47].
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While the overall normalisation of Wˆ (x) amounts to a scaling of normalised number
counts (2.18) and (2.23), different assumptions about the shape of Wˆ (x) can result in entirely
different estimates of scaled number counts. As an example we might assume Wˆ (x) = const.
which represents the assumption of a perfectly sampled galaxy density (no selection effects).
As another limiting example we can consider Wˆ (x) ∝ ρˆ(x), i.e., assuming that all structure
in the observed catalogue is due to selection effects, in which case the scaled number counts
(2.18) and (2.23) are constant in r by construction5.
3 Modelling of the survey selection function
Corrections for survey selection effects through an assumed selection function Wˆ (x) as de-
scribed in section 2.2 might be necessary when the volume covered by the survey is not fairly
sampled. The reliability of the results in this case rely on the ability to properly estimate the
selection effects. The selection effects due to luminosity selection cuts, detector limitations,
and foreground noise are hard to model independently, and crude assumptions which are im-
plicitly assuming large scale convergence to homogeneity are often used in concrete analysis.
Here we discuss different modelling assumptions for selection functions relevant for modern
large scale surveys [7, 11, 48].
3.1 Large scale homogeneity
Let us consider a distribution of objects which obeys spatial homogeneity in the form of (2.4).
Let us further assume that the survey spans a volume which is large enough to accurately
sample the mean density of the survey, such that the limit (2.4) holds approximately within
volumes comparable to the survey such that
N ≡
∫
survey
dVy ρ(y) ≈ η
∫
survey
dVy (3.1)
where integration is over the volume covered by the survey. Requiring the same limiting
behaviour for the estimated number count implies
Nˆ ≡
∫
survey
dVy ρˆ(y) ≈ η
∫
survey
dVy Wˆ (y) . (3.2)
This integral constraint fixes the normalisation of the selection function in terms of the un-
known mean galaxy density η of the distribution.
3.2 Decoupling of radial and angular dependence
Let us consider observer adapted spherical coordinates x = (r , θ, φ). Typically θ, φ will
correspond to the angular position on the sky of an observer, and r will coincide with the
redshift function as measured by the observer, assuming that redshift is indeed a valid radial
coordinate6. We might make the assumption that the selection function is multiplicative
5It is likely not necessary to choose ηWˆ (x) = ρˆ(x) to obtain Nˆ (< r) = 1. Since ηWˆ (x) is a function of
three variables with no a priory constraints (other than the requirement of being a positive function) we expect
there to be an infinity of functions Wˆ (x) satisfying the one parameter family of constraints Nˆ (< r) = 1.
6This is the case for e.g. expanding FLRWmodels or LTBmodels. In general we expect the redshift function
defined on a null bundle with respect to a class of observers to be multivalued, which might physically happen
when e.g. the null rays pass collapsing regions of space. One might circumvent such issues by employing a
background or template metric valid on large scales where collapse of structure might be ignored. In practice,
large scale galaxy catalogues are typically analysed employing large scale geometric measures.
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separable in the coordinate basis x = (r , θ, φ) such that7
√
g Wˆ (r , θ, φ) = A(r )B(θ, φ) . (3.3)
Such a model assumption might be justified in cases where the individual selection biases
affecting the survey are dependent on either redshift or angles. As an example, angular lim-
itation of coverage of telescopes affect the galaxy density distribution solely in the angular
direction. Malmquist type biases are a function of the cross section of the null bundle at
emission and observation respectively, and might be thought of as a function of radial dis-
tance for models with a notion of statistical spherical symmetry. In [49] it was argued on
empirical grounds for a multiplicative separable survey selection function, and multiplicative
separability is a typical invoked assumption for galaxy surveys.
3.3 Cross sectional angular homogeneity
As in section 3.1 we consider an underlying distribution which obeys the spatial homogeneity
condition (2.4). We now consider situations where the mean galaxy density of the underlying
distribution is well sampled over angular cross sections of the survey, such that
ρ¯(r ) ≡
∫
survey
dθdφ
√
gρ(r , θ, φ) ≈ η
∫
survey
dθdφ
√
g(r , θ, φ) . (3.4)
Requiring the estimated normalised number counts to obey the same convergence as the
underlying number counts results in the following cross sectional relation:
ˆ¯ρ(r ) ≡
∫
survey
dθdφ
√
gρˆ(r , θ, φ) ≈ η
∫
survey
dθdφ
√
gWˆ (r , θ, φ) . (3.5)
The overall integral constraint (3.2) is automatically satisfied when (3.5) is satisfied. The
selection function ansatz (3.5) is in practice applied to construct random galaxy catalogues
for correcting for selection effects for the SDSS-III Baryon Oscillation Spectroscopic Survey
[7, 10].8 Additional assumptions must be invoked to fully determine the selection function
Wˆ (r , θ, φ). This is typically done by assuming decoupling of angular and radial dependence
3.3, such that A(r ) ∝ ˆ¯ρ(r ), and determining B(θ, φ) through assessing the level of complete-
ness in detection in angular patches of the sky [7]. Alternatively B(θ, φ) might be determined
from assuming cross sectional radial homogeneity in the same spirit as the cross sectional
angular homogeneity imposed in the present section (see the subsection below).
3.4 Cross sectional radial and angular homogeneity
We now consider situations where the mean density of the underlying distribution of galaxies
is well sampled in thin lines and sheets of scales corresponding to the radial and angular cross
7The number count in a small observer adapted coordinate box ∆r∆θ∆φ is given by ∆Nˆ(r , θ, φ) =
ρˆ
√
g∆r∆θ∆φ = ρ Wˆ
√
g∆r∆θ∆φ. It is therefore natural to impose constraints on ηWˆ√g in the coordi-
nate basis x = (r , θ, φ) as it defines the selection function within a coordinate volume that is naturally and
model independently defined by the observer.
8There is in practice a small level of stochasticity related to the random assignment of redshifts to the
particles of the random catalogue implying a slight difference between the galaxy catalogue and random
catalogue radial distribution.
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sections of the survey, such that
ρ¯(θ, φ) ≡
∫
survey
dr
√
gρ(r , θ, φ) ≈ η
∫
survey
dr
√
g(r , θ, φ) , (3.6)
ρ¯(r ) ≡
∫
survey
dθdφ
√
gρ(r , θ, φ) ≈ η
∫
survey
dθdφ
√
g(r , θ, φ) (3.7)
in adapted spherical coordinates9 (r , θ, φ) to the observer holds. Requiring the estimated
normalised number counts to obey the same convergence as the underlying number counts
results in the following cross sectional relations:
ˆ¯ρ(θ, φ) ≡
∫
survey
dr
√
gρˆ(r , θ, φ) ≈ η
∫
survey
dr
√
gWˆ (r , θ, φ) , (3.8)
ˆ¯ρ(r ) ≡
∫
survey
dθdφ
√
gρˆ(r , θ, φ) ≈ η
∫
survey
dθdφ
√
gWˆ (r , θ, φ) . (3.9)
The overall integral constraint (3.2) is automatically satisfied when either (3.8) or (3.9) is
satisfied. The assumptions about separate angular and radial convergence are in general
not trivial to satisfy even though the overall integral constraint (3.2) might be satisfied to a
good approximation for the given survey volume. The details about the survey geometry is
important for the accuracy of the approximations (3.6) and (3.7).
Combining the constraints (3.8) and (3.9)—replacing the approximation with strict
equality—with (3.3) fully specifies √gWˆ (r , θ, φ)
√
g ηWˆ (r , θ, φ) =
1
Nˆ
ˆ¯ρ(r ) ˆ¯ρ(θ, φ) . (3.10)
This type of selection function was proposed in [12] for the DESI experiment [11] to correct
for fiber collision10, and investigated in [12, 38] using ΛCDM mock catalogues.
4 Example: A statistically homogeneous galaxy distribution and estimates
of the survey selection function
We now consider an idealised example of a galaxy density distribution over a flat spatial
section, where there is a notion of convergence towards homogeneity on the largest scales,
but where smaller scales exhibit non-linear fluctuations around the mean density field. We
consider a situation where the galaxy density is perfectly sampled within the survey, such
that the true selection function is equal to unity within the survey domain. In section 4.1 we
analyse the properties of the galaxy density distribution and associated number counts and
correlation dimensions. In section 4.2 we consider number counts as formulated within an
spherically shaped survey and discuss the significance of different estimates of the selection
function.
9The formulated integral constraints are independent on the choice of radial coordinate and angular
coordinate system respectively. Thus, we might choose any bijective mapping r 7→ r ′(r ) and (θ, φ) 7→
(θ′(θ, φ), φ′(θ, φ)) for formulating the integral constraints.
10The finite distance between fibers in fiber-fed spectroscopic surveys, causes failure in assigning a fiber to
each galaxy for measuring its redshift and hence limits the angular resolution of the survey. See, e.g, [50] for
a review on fiber collisons.
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4.1 The model density distribution
We consider a three dimensional spatial section with adapted Euclidean metric
ds2 = dx2 + dy2 + dz2 , (4.1)
and take the galaxy density field over the surface to be given as11
ρ(x, y, z) = K
(
1 +
1
3
sin
(
Bx+B
o
x
)
+
1
3
sin
(
By +B
o
y
)
+
1
3
sin
(
Bz +B
o
z
)
.
)
. (4.2)
With this definition of galaxy density, there is clearly a notion of statistical homogeneity and
isotropy, while the density field is locally non-linear and oscillates with values between 0 and
2K. We can rewrite (4.1) and (4.2) in spherical coordinates {x, y, z} → {r , θ, φ}, given by
{x, y, z} = {r sin(θ) cos(φ), r sin(θ) sin(φ), r cos(θ)} with r ≥ 0, θ ∈ [0, pi], φ ∈ [−pi, pi]. In
these coordinates the metric and its determinant reads:
ds2 = dr 2 + r 2
(
dθ2 + sin2(θ)dφ2
)
, g(r , θ, φ) = r 4 sin2(θ) (4.3)
respectively, and the density takes the form
ρ(r , θ, φ) = K
(
1 +
1
3
sin
(
Br sin(θ) cos(φ) +B
o
x
)
+
1
3
sin
(
Br sin(θ) sin(φ) +B
o
y
)
+
1
3
sin
(
Br cos(θ) +B
o
z
))
. (4.4)
The number count within an sphere of radius r and as centered at a point x = (r , θ, φ) can
be computed from the definition in (2.3) and reads:
N (< r|x) = 4
3
piKr3
1 + k(x)
(
−Br cos(Br) + sin(Br)
)
B3r3
 , k(x) ≡ 3(ρ(x)−K) , (4.5)
with asymptotic equivalence
lim
r→∞
N (< r|x)
KV (r) = 1 , V (r) ≡
4
3
pir3. (4.6)
We thus identify the mean galaxy density of the distribution as K and define the homogeneous
background number count, following (2.4) and (2.8)
Nhom (< r|x) = Nhom(< r) = KV (r) . (4.7)
We decompose (4.5) in terms of Nhom (< r|x) in the following way
N (< r|x) = N (< r|x)Nhom(< r) (4.8)
11The model galaxy density distribution is similar to that considered as a source to Einstein’s field equations
in [51] for studying backreaction effects in a statistically homogeneous and isotropic spacetime. Since the main
objective of this paper is to study selection effects, we shall maintain the Euclidean metric approximation in
(4.1) for convenience of computation, but note that density fluctuations will in general be associated with
corresponding corrections to the Euclidean volume element and distance measures in a realistic universe model
with structure.
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with
N (< r|x) ≡ 1 +
k(x)
(
−Br cos(Br) + sin(Br)
)
B3r3
. (4.9)
In the special case where the center of the sphere is located at a point of average galaxy
density K, i.e., k(x) = 0, we have that the number count resembles that of a homogeneous
distribution with N (< r|x) = Nhom(< r). Conversely, the larger the density contrast of
the center of the domain, the slower the convergence towards homogeneous behaviour of the
number count.
For scales much larger than the period of oscillation, the number count experience an
oscillation around the asymptotic homogeneous number count Nhom(< r) with an amplitude
which is damped at large scales. Using the expansion of sin(Br) and cos(Br) we have
N (< r|x) ≈ 4
3
piKr3
(
1 +
k(x)
3
− k(x)
30
(Br)2
)
forBr  1 . (4.10)
For scales much smaller than the period of the oscillation in the galaxy density field, the
leading order number count N (< r|x) is equal to that of a homogeneous distribution with
density equal to that of the center of the sphere. When the galaxy density at the center of
the sphere is zero, the leading order number count is given by a powerlaw dependence ∝ r5.
The galaxy-weighted average number count (2.6)—obtained by averaging (4.5) over an
infinite domain—reads:
N (< r) = N (< r)Nhom(< r) , N (< r) ≡ 1 + 1
2
−Br cos(Br) + sin(Br)
B3r3
, (4.11)
where a decomposition similar to 4.8 has been done. Taking the galaxy-weighted average of
(4.5) over an infinite volume thus amounts to making the replacement k(x) 7→ 1/2 in (4.5).12
We might define a radial scale at which fluctuations of (4.5) around the homogeneous
background count (4.7) converge to levels ≤ α for all possible choices of center of the sphere
r
N (<r|x)
hom = max
(
{r ∈ R≥0 :
∣∣∣N (< r| ( ox))− 1∣∣∣ = α}) , (4.12)
where
o
x is a point of maximal density contrast, i.e., |k( ox)| = 3.
We might also consider the conventional definition of a statistical homogeneity scale
from level sets of the mass averaged number count
r
N (<r)
hom = max ({r ∈ R≥0 : |N (< r)− 1| = α}) . (4.13)
From the leading order behaviour at large Br it can be seen that the scale (4.13) will be
smaller than (4.12) for the same choice of level α by a factor of ∼ √6. As an example, for
α = 0.01 (4.12) yields BrN (<r|x)hom = 16.16 whereas (4.13) gives Br
N (<r)
hom = 6.64. There will
thus be spheres with radius Br = 6.64 with number count contrast of well above ∼ 1%, while
there is a notion of convergence of ‘average’ number count contrast below ∼ 1% around such
a radial scale.
12The mass weigthed averaging operation is important for this result. Performing, for instance, a volume-
weighted integral over N (< r|x) yields zero on the largest scales.
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4.2 Survey selection function estimation for a model survey
We now examine the situation where the distribution (4.4) is observed over a finite region of
the sky. We consider an idealised situation where the underlying galaxy density distribution is
perfectly sampled by the survey catalogue, i.e., ρˆ(x) = ρ(x) within the volume covered by the
survey. Any correction applied to the galaxy number counts with an estimated selection func-
tion Wˆ (x) 6= 1 within the survey will thus represent an effective introduction of bias instead
of removal of selection effects. In the following we employ typical methods for estimating the
galaxy selection function presented in section 3 and assess how these bias homogeneity scale
estimates for an spherically shaped survey.
We define a survey domain covering a region of space by r ∈ [0, RD], θ ∈ [0, pi], φ ∈
[−pi, pi]. The coordinates (r , θ, φ) are taken to be suitable adapted coordinates to an observer
located in the center of the domain r = 0. Due to the finite size of the domain, the empirical
galaxy-weighted average number count and corresponding artificial average number counts
are constructed such that integration is over spheres which are fully contained in the survey
N (< r) =
1
N(RD − r)
∫ RD−r
0
dr
∫ pi
0
dθ
∫ pi
−pi
dφ
√
gρ(r , θ, φ)N (< r| (r , θ, φ)) , (4.14)
Nhom
Wˆ
(< r) =
1
N(RD − r)
∫ RD−r
0
dr
∫ pi
0
dθ
∫ pi
−pi
dφ
√
gρ(r , θ, φ)Nhom
Wˆ
(< r| (r , θ, φ)) , (4.15)
where N(d) ≡ N (< d|x = 0) is the number count in the domain defined by r ∈ [0, d],
θ ∈ [0, pi], φ ∈ [−pi, pi]. The marginalised radial galaxy density distributions for the survey
reads:
ρ¯(r ) ≡
∫ pi
0
dθ
∫ pi
−pi
dφ
√
g(r , θ, φ)ρ(r , θ, φ) = 4piKr 2
(
1 +
1
3
k(0)
sin(Br )
Br
)
. (4.16)
For a domain centered on a point of average galaxy density k(0) = 0, the radial galaxy
density function (4.16) resemble that of the homogenous density function ρ(r , θ, φ) = K13.
The marginalised angular galaxy density reads:
ρ¯RD(θ, φ) ≡
∫ RD
0
dr
√
g(r , θ, φ)ρ(r , θ, φ)
=
1
3
KR3D sin(θ)
(
1 + cos(B
o
x)A(θ, φ) + sin(B ox)B(θ, φ) + cos(B oy)A(θ, pi
2
− φ)
+ sin(B
o
y)B(θ, pi
2
− φ) + cos(B oz)A(pi
2
− θ, 0) + sin(B oz)B(pi
2
− θ, 0)
)
Ao
x
(θ, φ) ≡ −2 + (2−B
2R2Df
2(θ, φ)) cos(BRDf(θ, φ)) + 2BRDf(θ, φ) sin(BRDf(θ, φ))
B3R3Df3(θ, φ)
Bo
x
(θ, φ) ≡ 2BRDf(θ, φ) cos(BRDf(θ, φ)) + (−2 +B
2R2Df
2(θ, φ)) sin(BRDf(θ, φ))
B3R3Df3(θ, φ)
,
(4.17)
where f(θ, φ) ≡ sin(θ) cos(φ).
13This result is a consequence of the spherical symmetry of the survey imposed in this example. Cutting out
a cone like structure, by e.g. restricting the survey volume to lie in the positive halfplane x ≥ 0, y ≥ 0, z ≥ 0,
would for instance yield correction terms to the homogeneous law.
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We shall consider different choices of estimated selection functions for normalising the
number counts of the survey. First we consider the ‘bare’ estimated selection function coin-
ciding with the true selection function Wˆ bare(x) = W (x), where W (x) = 1 when x is in the
survey domain, and W (x) = 0 otherwise. The corresponding homogeneous number count
reads:
Nhom
Wˆbare
(< r|x) = Nhom(< r) , (4.18)
where Nhom(< r) is given by (4.7). The bare homogeneous number count (4.18) does in gen-
eral not satisfy the convergence requirement on the scale of the survey as described in section
3.1 because of physical structure in the model galaxy distribution and the finite size of the
model survey. We might consider the simple constant rescaling of the true selection function
(or equivalently a scaling of the true mean galaxy density) Wˆ resc(x) = Ksurvey/KW (x) where
Ksurvey ≡ N (< RD|x = 0) /(43piR3D) is the mean galaxy density within the survey region.
The corresponding ‘dressed’ number count is
Nhom
Wˆ resc
(< r|x) = KsurveyV (r) = KsurveyK N
hom(< r) , (4.19)
where V (r) is the Euclidean volume given by (4.6). This number count clearly satisfies the
integral constraint (3.2) on the scale of the survey, and in the simplest possible way, preserving
the uniformity of the selection function. We now construct an estimated survey selection
function such that the estimated radial selection function is determined from data using the
integral constraint (3.5), but where the estmated angular selection function is homogeneous
and equal to the true angular selection function of this toy model set-up. Following section
3.2 and section 3.3, we thus have
√
gKWˆ rad(r , θ, φ) = 1
4pi
ρ¯(r ) sin(θ) , (4.20)
where ρ¯(r ) is given by (4.16). The corresponding homogeneous number count yields
Nhom
Wˆ rad
(< r|x) ≡
∫ RD
0
dr ′
∫ pi
0
dθ′
∫ pi
−pi
dφ′
√
gKWˆ rad(r ′, θ′, φ′) Θ(r − d((r ′, θ′, φ′),x)) . (4.21)
Finally, we consider the survey selection function estimation procedure of section 3.4, where
the selection function is given by (3.10) and resembles both the radial and the angular distri-
bution of the original survey
√
gKWˆ sep(r , θ, φ) = 1
N(RD)
ρ¯(r ) ρ¯RD(θ, φ) , (4.22)
with ρ¯(r ) and ρ¯(θ, φ) given by (4.16) and (4.17) respectively. The estimated homogeneous
numbercount from this ditribution is
Nhom
Wˆ sep
(< r|x) ≡
∫ RD
0
dr ′
∫ pi
0
dθ′
∫ pi
−pi
dφ′
√
gKWˆ sep(r ′, θ′, φ′) Θ(r − d((r ′, θ′, φ′),x)) . (4.23)
The estimated normalised number count (2.23) corresponding to (4.18), (4.19), (4.21), and
(4.23) respectively yield
Nˆ bare(< r) ≡ N (< r)
Nhom
Wˆbare
(< r)
, Nˆ resc(< r) ≡ N (< r)
Nhom
Wˆ resc
(< r)
, (4.24)
Nˆ rad(< r) ≡ N (< r)
Nhom
Wˆ rad
(< r)
, Nˆ sep(< r) ≡ N (< r)
Nhom
Wˆ sep
(< r)
(4.25)
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as defined for r < RD, and where the average number counts in spheres are given by (4.14)
and (4.15).
Figure 1 shows cross sections for for the galaxy density and estimated selection functions
for angular frequency B = 10 and average galaxy density K = 1. In figure 1a the cross section
of the galaxy density field ρ(x, y) ≡ ρ(x, y, z = 0) is shown. Figure 1b and figure 1c show
the selection functions (4.20) and (4.22) for a domain of radius RD = 1 centered at maximal
density. For a survey centered on a point of average galaxy density, the radial distribution ρ¯(r )
is uniform, and only the angular part of Wˆ sep(x, y) is non-trivial. For general survey centers
both angular and radial selection account for structure in the physical matter distribution.
As B → ∞ the inhomogeneous contributions in (4.16) and (4.17) vanish, and the estimated
selection function reduces to the true homogeneous selection function Wˆ sep(x)→W (x).
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(a) Cross section ρ(x, y).
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(b) Cross section KWˆ rad(x, y).
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(c) Cross section KWˆ sep(x, y).
Figure 1: Cross section ρ(x, y) ≡ ρ(x, y, z = 0) of the galaxy density and of the artificial
galaxy densities KWˆ rad(x, y) ≡ KWˆ rad(x, y, z = 0) and KWˆ sep(x, y) ≡ KWˆ sep(x, y, z = 0)
for a domain centered at a point of maximal density. Parameters of ρ(x, y, z) are B = 10 and
K = 1. The radial domain size is RD = 1 and the domain boundary is shown as a circle on
the plots.
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Figure 2 shows the bare number count and the dressed number counts for domain radius
RD = 1 for three different choices of centers of the domain. Figure 2a shows the number
counts for an angular frequency of the oscillation B = 10, with the period of the oscillation
T = 2piB =
2pi
10 smaller but comparable to the radius of the domain. From (4.5) we have that
the total number count within the domain can maximally differ 2.4% from the homogeneous
background number count Nhom(< RD), the exact difference depending on the galaxy density
in the center of the survey. The cross sectional homogeneity approximations (3.6), (3.7) are
in general associated with larger errors of typical values of ∼ 20%.
By construction the dressed number counts Nˆ resc(< r), Nˆ rad(< r), and Nˆ sep(< r)
converge to 1 for scales approaching the radius of the survey. Convergence is visibly not
reached for the bare number counts for scales probed by the survey (due to a combination
of the large periodicity of the density oscillation and the volume limitation of the survey),
except for domain centers located at points close to mean galaxy density where convergence
happens within the survey volume due the idealised spherical survey geometry investigated.
Because of the large errors associated with the approximations (3.6) and (3.7) the selection
functions Wˆ rad(x) and Wˆ sep(x) are associated with significant inhomogeneity and account
for physical structure in the galaxy density field. As a result, the normalised number counts
Nˆ rad(< r) and Nˆ sep(< r) are highly biased towards homogeneity as compared to the bare
number count Nˆ bare(< r)—the amplitude of Nˆ sep(< r) is especially suppressed with respect
to the bare count. The oscillatory behaviour of the bare count is suppressed for the dressed
counts Nˆ rad(< r) and Nˆ sep(< r) which exhibit smooth convergence. Convergence below 1%
in amplitude of the normalised number counts happens at scales r ∼ 0.4 for Nˆ rad(< r) and
Nˆ sep(< r). For comparison, the true average number count in spheres N(< r) converge below
1% at scales r = 0.664 as detailed in section 4.1, yielding an error of approximately 40% in
the detected homogeneity scale.
Figure 2b shows the same number counts as figure 2a, but with the angular frequency of
the oscillation increased to B = 30. The period of the oscillation is in this case much smaller
than the radius of the domain, and the mean density of the distribution is thus well sampled
at the scale of the survey with maximal error of the approximation (3.1) of 0.1%. The cross
sectional homogeneity approximations (3.6), (3.7) are associated with typical errors of ∼ 5%.
As a result, the dressed number counts coincide almost perfectly with the corresponding
bare number counts, except for small scales r . 0.1 where the number counts Nˆ sep(< r)
have slightly smaller amplitude. Convergence to of the normalised number counts below 1%
happens at the scale r ∼ 0.22 which coincides with the true scale of convergence of N(< r)
below 1% discussed in section 4.1.
The results in the present section are dependent on the spherical survey geometry. Re-
placing the geometry with that of an spherical shell of the same volume as the sphere, surfaces
of constant radius become large when the radii of the concentric spheres are increased. Thus,
we expect Nˆ rad(< r) to approach the bare number count Nˆ bare(< r) for an spherical shell
of large radii, whereas we expect Nˆ sep(< r) to be strongly suppressed in amplitude due to
the narrow radial width of the survey covered. Considering instead a cone-shaped survey of
limited angular coverage—but extended in radius to preserve the volume of the sphere—we
expect the amplitude of Nˆ rad(< r) to be more suppressed relative to Nˆ bare(< r) the more
the angular coverage is decreased.
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4.3 Discussion of the implications of the results
Let us interpret the results of section 4.2 with distances in units of 1/2Gpc/h. The ra-
dius of the spherical survey in these units is RD = 1/2Gpc/h, and the angular frequen-
cies investigated are B = 10 · 2 h/Gpc and B = 30 · 2 h/Gpc. The survey has volume
4/24pi(Gpc/h)3 ∼ 0.5(Gpc/h)3 which is comparable to the survey volumes in [3, 4] used
to probe convergence towards homogeneity. The total volume probed by the more recent
SDSS-III BOSS CMASS and LOWZ surveys is ∼ 5(Gpc/h)3 [52], which is comprised of the
CMASS North, CMASS South, LOWZ North, and LOWZ South surveys. These four subsam-
ples have independently calibrated selection functions and must be treated separately when
investigating systematic errors in selection function estimation.
For the standard ΛCDM cosmology, a comoving radial scaleRD = 0.5Gpc/h corresponds
to redshifts of z ∼ 0.2, comparable to redshifts probed by the SDSS-III BOSS LOWZ survey
[7]. The period of the galaxy density oscillation is given as T = 2pi/B , which for B =
10 · 2 h/Gpc gives T ∼ 0.3 Gpc/h. Based on the analysis in section 4.2 we thus expect
structure of length scale comparable to or larger than 0.3 Gpc/h to be poorly probed by
normalised number count estimates Nˆ rad(< r), and Nˆ sep(< r), whereas scales  0.3 Gpc/h
are expected to be well-probed. For the BOSS LOWZ and CMASS surveys typical void sizes
are of comoving diameter . 160Mpc/h [53, 54]—depending on the exact criteria and void
finding algorithm used. Based on this crude order of magnitude estimate, there is thus a
possibility that the largest structures are poorly probed in number count estimators within
the largest surveys.
The conclusions on the sensitivity of the biasing of number counts from the imposed
survey selection functions depend on the shape of the domain and on how the simplistic toy
model investigations cary over to more realistic galaxy density distributions. In the toy model
galaxy density distribution of section 4.1, the density contrast (ρ−K)/K was fixed to oscillate
between 0 and 1 for simplicity. Decreasing (increasing) density contrasts, is expected to yield
the same tendencies as found in the present toy model studies but with smaller (larger)
deviations between the dressed and bare number counts.
A general expectation from the investigations is that structure of size of order or larger
than characteristic length scales of the survey are not accurately probed when invoking typical
angular and radial survey selection functions to normalise number counts. This can be the case
even if the survey covers a volume within which the mean density of the distribution is well
sampled, if the survey is sufficiently limited in either radial or angular coverage. For instance,
surveys of small angular coverage could potentially constitute an issue for homogeneity scale
estimates based on the calibrated number count Nˆ rad(< r), since angular cross sections of
the survey might not sample the average galaxy density well resulting in break down of
the approximation (3.4). Similarly for surveys which have a depth in redshift of order a
few times that of the largest physical structures or smaller, might have significant physical
inhomogeneity in the projected angular distribution function and thus yield dressed number
counts Nˆ sep(< r) of considerable error. We note in this regard that the samples used to
probe homogeneity in [3] and [4] are of angular coverage ∼ 4, 000 (deg)2 and ∼ 1, 000 (deg)2
respectively, corresponding to ∼ 6% and ∼ 2% of the total sky. For upcoming data from
the DESI experiment [11], the angular coverage will be ∼ 14, 000 (deg)2 and with a redshift
coverage for luminous red galaxies of z . 1. The bigger the coverage of the survey (and the
smaller the physical size of the largest structures in the Universe), the less sensitive we expect
homogeneity scale estimates to be on the exact approximation of the selection function used.
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(a) Angular frequency B = 10.
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Figure 2: Scaled number counts Nˆ bare(< r), Nˆ resc(< r), Nˆ rad(< r), and Nˆ sep(< r) as
a function of sphere radius r for an spherical domain with radius RD = 1. Full drawn
lines correspond to a survey centered at a point of average galaxy density K. Dashed lines
correspond a survey centered on a point of maximal galaxy density 2K, while dashed dotted
lines correspond to a survey centered on a point of galaxy density equal to zero.
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5 Conclusion
We have investigated number counts in spheres as probes of transition to homogeneity in the
matter distribution. Normalised number counts—where the normalisation is computed from
an assumed survey selection function—are used in modern analysis to account for selection
effects. Typical selection functions employed for large scale galaxy surveys assume convergence
to homogeneity on the largest scales of the survey. When such estimated selection functions
are used for constructing number count in spheres statistics, there is a risk of underestimating
the level of inhomogeneity at a given scale. While investigations using ΛCDM mocks to
determine the impact of the selection function estimation [12, 38] are relevant for universe
models where the largest structures are well described by the ΛCDM prediction of structure
formation, such studies should not be used to derive model independent statements or when
the aim is to consistency test the ΛCDM paradigm.
The modelling of the survey selection function constitute an additional source of bias
of homogeneity scale estimates to that of (i) the incompleteness of spheres and the use of
artificial catalogoues to account for the incompleteness [4, 5] (ii) tracers as biased probes of
the mass distribution [40, 41] (iii) galaxy evolution [42] and (iv) finite sampling and finite
resolution in cosmological datasets [43, 44].
We have considered an example of an oscillating galaxy density distribution with a notion
of large scale convergence to spatial homogeneity, and considered bare number counts (true
number counts) as well as dressed number counts (number counts corrected for structure in
the radial and angular direction). For periods of the oscillation much smaller than the radial
and angular scales of the survey—with convergence to homogeneity approximately satisfied
at the largest scales of the survey—the bare number counts were well approximated by the
dressed number counts. However, for periods of the oscillation comparable to scales of the
survey, typical correction procedures for selection effects where shown to artificially yield
number counts dressed towards homogeneity. This indicate that the largest structures in our
Universe might not be well-probed by conventional homogeneity scale estimators, if these are
employed within survey domains of radial or angular coverage of similar order of magnitude
as the physical size of the structures. Without independent determination of the survey
selection function, we might think of the resulting homogeneity scale estimates as providing
lower bounds for the transition scale to the given level of homogeneity.
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